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ENGEL THEOREM THROUGH SINGULARITIES
M. CORREˆA AND LUIS. G. MAZA
Abstract. We prove a singular version of the Engel theorem. We prove
a normal form theorem for germs of holomorphic singular Engel systems
with good conditions on its singular set. As an application, we prove
that there exists an integral analytic curve passing through the singular
points of the system. Also, we prove that a globally decomposable Engel
system on a four dimensional projective space has singular set with
atypical codimension.
1. Introduction
A germ of holomorphic Pfaff system of codimension k on (Cn, 0) is a
subsheaf I of the cotangent sheaf Ω1
Cn
of (Cn, 0) spanned by k germs of
holomorphic differential 1-forms ω1, . . . , ωk assumed linearly independent at
a generic point near 0. We will write I = 〈ω1, . . . , ωk〉. This system can be
represented by the holomorphic k-form ω1 ∧ . . . ∧ ωk. The singular set of I
is the analytic subset given by
Sing(I) = {p ∈ (Cn, 0); (ω1 ∧ · · · ∧ ωk)(p) = 0}.
Therefore Sing(I) is defined by k × k determinants of an n × k matrix.
Therefore, each irreducible component has codimension at most k + 1. We
say that the singular set of I has expected codimension if it is a (startified)
submanifold of Cn of codimension k + 1.
Let C = V (A) be a germ of analytic subset in (Cn, 0) of codimension ≤ k,
with zeros ideal A. If A = 〈f1, . . . , fr〉, then we denote by dA the Pfaff
system spanned by df1, . . . , dfr.
By definition, we say that C = V (A) is an integral variety of I =
〈ω1, . . . , ωk〉 if
ωi ∧ dA ∈ A⊗ Ω
r+1
Cn
, for each i = 1, . . . , k.
A Pfaff system is called integrable I if
dI ≡ 0 mod I.
If I is integrable, by the classical Frobenius’s Theorem, for all points p ∈
(Cn, 0)\Sing(I) there exists an integral complex analytic manifold of codi-
mension k passing through p. In [12] B. Malgrange obtained a Frobenius’s
Theorem for singular integrable systems with singular set of codimension
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≥ 3, showing the existence of integral varieties passing through the singular
points of the system.
For a germ of Pfaff system I, we can define its derived flag I(0) ⊃ I(1) ⊃
· · · by the relations I(0) = I and
I(i+1) = {α ∈ I(i) : dα ≡ 0 mod I(i)}.
Then, the derived flag of a Pfaff system I is defined inductively by the exact
sequence
0 −→ I(i+1) −→ I(i) −→ dI(i)/
(
I(i)dI(i)
)
−→ 0.
Since the codimension of each Pfaff system I(i) is constant on an open and
dense set in a neighbourhood of 0, then there will be an integer N such that
I(N) = I(N+1). This integer N is called the derived length of I. Note that
the Pfaff system I(N) is always integrable since
dI(N) ≡ 0 mod I(N).
If I(N) = 0 we say that the system I is completely nonholonomic. See [3]
for more details.
Let Θn be the sheaf of germs of holomorphic vector fields on (C
n, 0).
A local (r, n) holomorphic distribution is the germ at 0 ∈ Cn of a rank r
subbundle of the tangent bundle Θn
A Pfaff system I = 〈ω1, . . . , ωk〉 of codimension k induces a singular
(n− k, n) distribution defined by
D0 := Ker(I) = {v ∈ Θn; ωi(v) ≡ 0, ∀ i}.
Thus, the induced distributions of the derived flag of I is given by
Di := Ker(I i) = Ker(I i+1) + [Ker(I i+1),Ker(I i+1)],
where [D,D] denotes the sheaf generated by Lie brackets [u, v] with u, v ∈ D.
A contact system on (C3, 0) is a completely nonholonomic system. The
classical Darboux-Pfaff theorem gives a normal form for non-singular contact
system. That is, if I is a non-singular contact system, then there exist a
germ of coordinate system on (C3, 0) such that
I = 〈dz3 − z2dz1〉.
D. Cerveau showed in [5] a singular version of the Pfaff-Darboux theorem.
In this work we are interested in completely nonholonomic (2, 4) holomor-
phic distributions with derived length equal to 2.
Definition 1.1. 1 A local Engel distribution is a (2, 4) holomorphic distri-
bution D ⊂ Θ4 satisfying the following conditions:
(i) D1 = D + [D,D] has rank three at a generic point near 0.
(ii) D2 = D1 + [D1,D1] has rank four at a generic point near 0.
1We would like to thank the anonymous referee for suggest us this definition
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Let v1, v2 ∈ D germs on (C
4, x) of generators of the stalk Dx. Then
〈v1, v2, [v1, v2]〉 = D
1
x
and
〈v1, v2, [v1, v2], [v1, [v1, v2]], [v2, [v1, v2]]〉 = D
2
x = Θ4,x.
Therefore, the singular set of D1 is set of the dependence of v1, v2, [v1, v2]
and the germ on x of singular set of D2 is the set of dependence
v1 ∧ v2 ∧ [v1, v2] ∧ [v1, [v1, v2]] ∧ [v2, [v1, v2]] = 0.
Moreover, the distribution D1 is induced by the 1-form
β = iv1iv2i[v1,v2](dz1 ∧ dz2 ∧ dz3 ∧ dz4).
To the distribution D we associate the so called Engel vector field Y defined
by
iY (dz1 ∧ d2 ∧ dz3 ∧ dz4) = β ∧ dβ.
In particular, Sing(D1) = Sing(β) ⊂ Sing(Y ). We will call of characteristic
Engel foliation of D the rank one vector bundle L(D) ⊂ D induced by the
Engel vector fields.
In this work our main theorem is the following.
Theorem 1.1. Let D be a germ of holomorphic Engel distribution on (C4, 0)
with codim(Sing(D)) ≥ 2 and codim(Sing(L(D)) ≥ 3. Then there exist
f1, . . . , f4 ∈ O
4
0 such the distribution D is induced by the system
〈df4 − f3df1, df3 − f2df1〉.
This result is consequence of a theorem on normal form of Pfaff system
of derived length equal to 2, see Theorem 1.2. In [8] and [13, Appendix]
is showed that there exist a pair of 1-form (α, β) inducing a regular Engel
distribution D satisfying
(i) α ∧ β ∧ dα 6≡ 0
(ii) α ∧ β ∧ dβ ≡ 0
(iii) β ∧ dβ 6≡ 0.
This motivates us the following definition.
Definition 1.2. A germ of singular Engel system in (C4, 0) is a Pfaff
system I, of codimension 2, which can be described by 1-forms α and β
satisfying the following conditions:
(i) α ∧ β ∧ dα 6≡ 0
(ii) α ∧ β ∧ dβ ≡ 0
(iii) β ∧ dβ 6≡ 0,
We can see that a germ of singular Engel system I in (C4, 0) is a system
of codimension 2 such that, for 0 ≤ i ≤ 2, the elements of its derived flag
satisfy codim(I(i)) = 2 − i. In fact, I(0) = 〈α, β〉, I(1) = 〈β〉 and I(2) = 0.
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Thus, an Engel system has derived length equal to 2. Moreover, we have
that dI(1) = 〈dβ〉. In this case, we define the singular set of dI(1) by
Sing(dI1) := {p ∈ Sing(I1); dβ(p) = 0}
Observe that Sing(dI1) is well defined. In fact, let δ = gβ , for some
g ∈ O∗0 . Here O
∗
0 germs of nowhere vanishing holomorphic functions. Then,
if p ∈ Sing(I1) then dδ(p) = g(p)dβ(p) + β(p) ∧ dg(p) = g(p)dβ(p). We
conclude that dδ(p) = 0 if and only if dβ(p) = 0 for all p ∈ Sing(I1), since
g ∈ O∗0 .
Example 1. The conditions of Theorem 1.1 are necessary. Consider the
family of Engel distribution given by
Dr = Ker(〈dz4 − z
r
3dz1, dz3 − z2dz1〉),
with r > 2. Set βr := dz4 − z
r
3dz1 and αr = dz3 − z2dz1. A calculation
shows that the pair of 1-forms (α, β) satisfy the conditions i),ii) and iii) of
definition 1.2 and the following hold
(1) βr ∧ dβr = −rz
r−1
3 dz4 ∧ dz3 ∧ dz1
and
(2) βr ∧ αr ∧ dαr = −dz4 ∧ dz3 ∧ dz2 ∧ dz1.
For each r, the Engel distribution Dr is regular but codim(Sing(L(D)) = 1,
since
Sing(L(Dr)) = Sing(βr ∧ dβr) = {z
r−1
3 = 0}.
On the other hand, the distribution Dr can not be described by two differ-
ential 1-forms of the form
〈df4 − f3df1, df3 − f2df1〉.
Let us suppose by absurd that βr = df4 − f3df1 and αr = df3 − f2df1. In
this case, we have that
βr ∧ dβr = −df3 ∧ df2 ∧ df1 and βr ∧ αr ∧ dαr = −df4 ∧ df3 ∧ df2 ∧ df1.
This implies that
βr ∧ αr ∧ dαr = df4 ∧ βr ∧ dβr.
Substituting (1) we obtain
βr ∧ αr ∧ dαr = df4 ∧ βr ∧ dβr = df4 ∧ (−rz
r−1
3 dz4 ∧ dz3 ∧ dz1).
Thus,
βr ∧ αr ∧ dαr = −r
∂f4
∂z2
zr−13 dz4 ∧ dz3 ∧ dz2 ∧ dz1.
An absurd, since it follows from (2) that the 4-form βr ∧ αr ∧ dαr is not
singular.
In the real non-singular case, these Pfaff systems were introduced by E.
von Weber in 1898 and studied by several authors [4][7][14]. F. Engel [6]
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shows that a non-singular generic Engel system is locally isomorphic, at a
generic point, to the canonical system
(3) I0 = 〈dz4 − z3dz1, dz3 − z2dz1〉.
That is, F. Engel provides a kind of Pfaff-Darboux type theorem for non-
singular Pfaff systems of codimension 2 and derived length equal to 2. M.
Zhitomirskii in [17] obtained normal forms for real non-singular Engel along
non generic points.
The canonical system appears naturally as a system called canonical con-
tact system on the space J2(C,C) of 2-jets of holomorphic maps of C, see
[14]. Nonsingular global holomorphic Engel systems have been studied by
L. Sola´ Conde and F. Presa in [15].
We prove the following result for germs of holomorphic Engels system in
(C4, 0)
Theorem 1.2. Let I = 〈α, β〉 be a germ of holomorphic Engel system on
(C4, 0) with codim(Sing(I)) ≥ 2 and codim(Sing(dβ)) ≥ 3. Then there exist
f1, . . . , f4 ∈ O
4
0 such that
I = 〈df4 − f3df1, df3 − f2df1〉.
More precisely, there exists a germ of holomorphic map f := (f1, f2, f3, f4) :
(C4, 0) 	 which is a biholomorphism outside Sing(I)∪codim(Sing(dβ)) such
that f∗I0 = I.
Normal forms allows us to prove the existence of integral submanifolds.
An interesting consequence of Theorem 1.2 is the existence of an integral
analytic curve passing through the singular points of the system.
Theorem 1.3. Let I = 〈α, β〉 be a germ of holomorphic Engel system on
(C4, 0) with codim(Sing(I)) ≥ 2 and codim(Sing(dβ)) ≥ 3, then there exists
a germ of an analytic curve passing through Sing(I) which is a solution of
I.
Proof. In fact, it follows from Theorem 1.2 that the analytic curve {f1 =
f3 = f4 = 0} is a solution of I = 〈df4 − f3df1, df3 − f2df1〉. 
Finally, we give Another application of Theorem 1.2 for globally decom-
posable Engel system on four dimensional projective space.
It is well known that all codimension one integrable systems in Pn have
in its singular set an irreducible component of codimension two.
Theorem 1.4. [9] [10] Let I be a codimension one integrable system on
P
n, n ≥ 3, such that codim(Sing(I)) ≥ 2. Then Sing(I) has an irreducible
component of codimension two.
Let I be a codimension one integrable system on a Fano manifold such
that Sing(I) 6= ∅. In [11, Corollary 4.7 ] F. Loray, J. V. Pereira and F
Touzet show that if the canonical class of I is numerically trivial then its
singular set has a component of codimension two.
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A similar situation appears in the study of singularities of Poisson struc-
tures on Fano manifolds motivated by Bondal’s conjecture [2] [1, Conjecture
4]. A. Polishchuk in [16] showed that the rank of a nondegenerate Pois-
son structure on a Fano variety of odd dimension drops along a subset of
codimension two.
As an application of Theorem 1.2 we prove that a globally decomposable
Engel system on four dimensional projective space has a singular set with
atypical codimension. In fact, the expected codimension of the singular set
of a Pfaff system of codimension 2 should be 3. But, the following Theorem
shows that the singular set of these systems has codimension ≤ 2.
Theorem 1.5. Let I be a globally decomposable holomorphic Engel system
on P4. Then, either Sing(dI(1)) has a component of codimension two, or
Sing(I) has a component of codimension one. Moreover, if codim(Sing(I)) ≥
2, then Sing(I) has a component of codimension two.
2. Proof of the Theorem 1.2
Proof. Since dβ ∧ β 6≡ 0 and (dβ)2 ∧ β ≡ 0, we have that β has class 1.
By Cerveau’s singular version of the Pfaff-Darboux Theorem [5] we get that
there exist f1, f3, f4 ∈ O
4
0 such that
β = df4 − f3df1.
In particular, dβ = df1 ∧ df3. Now, since dβ ∧ α ∧ β ≡ 0 we get
0 = dβ ∧ α ∧ β = df1 ∧ df3 ∧ α ∧ β.
This implies that there exist germs of holomorphic funtions a˜, b˜ and λ˜ on
U = (C4, 0) − Sing(α ∧ β) ∪ Sing(dβ) such that
α|U = a˜df1 + b˜df3 + λ˜β.
Since the codimension of Sing(α∧β)∪Sing(dβ) is bigger than 2, by Hartorgs’
extension Theorem we have the identity
α− λβ = adf1 + bdf3, where a, b, λ ∈ O
4
0
on (C4, 0). Now if either a = 0 or b = 0, then α∧β∧dα ≡ 0, a contradiction
to Engel’s conditions. Thus a 6= 0 and b 6= 0, and therefore
1
b
α−
λ
b
β =
a
b
df1 + df3
and if we set f2 = −
a
b
then
1
b
α−
λ
b
β = df3 − f2df1.
Thus,
I = 〈α, β〉 =
〈
α,
1
b
α−
λ
b
β
〉
= 〈df4 − f3df1, df3 − f2df1〉.
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Now, we will prove that the map f : (: (C4, 0) 	 defined by f1, f2, f3, f4) is
a biholomorphism outside Sing(α ∧ β) ∪ Sing(dβ). That is, we prove that
df1 ∧ df2 ∧ df4 ∧ df3
never vanishes outside Sing(α ∧ β) ∪ Sing(dβ). Differentiating the identity
1
b
α =
a
b
df1 + df3 +
λ
b
β.
we get
d
(
1
b
)
∧ α+
1
b
dα = d
(a
b
)
∧ df1 + d
(
λ
b
)
∧ β +
λ
b
dβ.
Multiplying this identity by β ∧ α we obtain[
d
(a
b
)
∧ df1 + d
(
λ
b
)
∧ β +
λ
b
dβ
]
∧ β ∧ α = d
(a
b
)
∧ df1 ∧ β ∧ α
since dβ ∧ β ∧ α ≡ 0. Thus
d
(a
b
)
∧ df1 ∧ β ∧ α =
[
d
(
1
b
)
∧ α+
1
b
dα
]
∧ β ∧ α.
Therefore
d
(a
b
)
∧ df1 ∧ β ∧ α =
1
b
dα ∧ β ∧ α 6= 0.
Using that α = adf1 + bdf3 + λβ and β = df4 − f3df1 and substituting in
d
(
a
b
)
∧ df1 ∧ β ∧ α we conclude that
0 6= d
(a
b
)
∧ df1 ∧ β ∧ α = bd
(a
b
)
∧ df1 ∧ df4 ∧ df3 = bdf2 ∧ df1 ∧ df4 ∧ df3
is nowhere vanishing outside Sing(α ∧ β) ∪ Sing(dβ). 
3. Proof of the Theorem 1.1
It follows from [8] and [13, Appendix] that there exist a pair of 1-form
(α, β) inducing an Engel distribution D on C4 − (Sing(D) ∪ Sing(D1)) sat-
isfying
(i) α ∧ β ∧ dα 6≡ 0
(ii) α ∧ β ∧ dβ ≡ 0
(iii) β ∧ dβ 6≡ 0.
Since codim(Sing(D) ∪ Sing(D1)) > 2 then by Hartogs’s extension theorem
we can extend the pair (α, β) inducing the distribution D. Therefore D is
induced by the Engel system < α, β >. Thus, the Engel vector field L(D)
is induced by
β ∧ dβ.
In particular , Sing(L(D)) = Sing(β ∧ dβ) ⊇ Sing(dβ). Then
codim(Sing(dβ)) > codim(Sing(L(D)) > 3.
The result follows from Theorem 1.2.
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4. Application to Engel systems on projective spaces
A Pfaff system I of codimension k on a complex projective space Pn is a
locally decomposable section
ωI ∈ H
0(Pn,ΩkPn ⊗ L).
This means that for all p ∈ Pn there exists a neighborhood U of p and
1-forms ω1, . . . , ωk ∈ Ω
1
U , such that ωI |U = ω1 ∧ · · · ∧ ωk.
If i : Pk → Pn is a generic linear immersion then i∗ωI ∈ H
0(Pk,Ωk
Pk
⊗ L)
is a section of a line bundle, and its divisor of zeros reflects the tangencies
between I and i(Pk). The degree of I is, by definition, the degree of such a
tangency divisor. Set d := deg(I). Since Ωk
Pk
⊗ L = OPk(deg(L) − k − 1),
one concludes that L = OPn(d+ k + 1).
We say that I is globally decomposable if ωI = ω1 ∧ · · · ∧ ωk for suitable
ωi ∈ H
0(Pn,Ωk
Pn
⊗ Li).
Besides, the Euler sequence implies that a section ω of Ωk
Pn
(d+k+1) can
be thought of as a polynomial k-form on Cn+1 with homogeneous coefficients
of degree d+ 1, which we will still denote by ω, satisfying
(4) iRω = 0
where
R = x0
∂
∂x0
+ · · ·+ xn
∂
∂xn
is the radial vector field. Thus the study of distributions of degree d on Pn
reduces to the study of locally decomposable homogeneous k-forms of degree
d+ 1 on Cn+1 satisfying the relation (4).
We will use the following Jouanolou’s Lemma.
Lemma 4.1. [9, Lemme 1.2, pp. 3] If η is a homogeneous q-form of degree
s, then
iRdη + d(iRη) = (q + s)η
where R is the radial vector field and iR denotes the interior product or
contraction with R.
As an application of Theorem 1.2 we prove that a globally decomposable
Engel system on four dimensional projective space has a singular set with
atypical codimension. In fact, the expected codimension of the singular set
of a codimension 2 should be 3. But, the following Theorem shows that the
singular set of these systems has codimension ≤ 2.
Theorem 4.1. Let I be a globally decomposable holomorphic Engel system
on P4. Then , either Sing(dI(1)) has a component of codimension two, or
Sing(I) has a component of codimension one. Moreover, if codim(Sing(I)) ≥
2, then Sing(I) has a component of codimension two.
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Proof. Firstly we observe that on P4 all holomorphic 1-forms β ∈ H0(P4,Ω1
P4
(s))
satisfy β ∧ (dβ)2 ≡ 0, since β ∧ (dβ)2 is a 5-form on P4. Moreover, we have
that Sing(dI(1)) = Sing(dβ). Indeed, by lemma 4.1 we have
(5) iR(dβ) = (s+ 1)β
since iRβ = 0. Thus, Sing(dβ) ⊂ Sing(β) and this implies that
Sing(dI(1)) := Sing(dβ) ∩ Sing(β) = Sing(dβ).
Now, suppose that codim(Sing(I)) ≥ 2 and codim(Sing(dI(1))) ≥ 3.
Then, it follows from Theorem 1.2 that there exist homogeneous polyno-
mials f1, f2, f3, f4 on C
5 such that
α = df4 − f3df1, β = df3 − f2df1.
In particular, we have that β ∧ dβ = −df4 ∧ df3 ∧ df1 and α ∧ β ∧ dα =
df1 ∧ df2 ∧ df3 ∧ df4.
Since iRα = iRβ = 0, we conclude that k4f4−k1f3f1 = k3f3−k1f2f1 = 0,
where ki = deg(fi), i = 1, 3, 4. These relations imply that
β ∧ dβ = α ∧ β ∧ dα ≡ 0.
This is a contradiction. On the other hand, suppose that codim(Sing(I)) ≥
2. Using the relation (5) we have that
Sing(dβ) ⊂ Sing(iR(dβ) ∧ α) = Sing((s + 1)β ∧ α) = Sing(β ∧ α).
We conclude that Sing(I) has a component of codimension two. 
Example 2. Consider the differential system induced by the 1-forms
α = z20dz4 − z0z3dz1 + (z1z3 − z0z4)dz0
and
β = z20dz3 − z0z2dz1 + (z1z2 − z0z3)dz0.
A calculation shows that the pair of 1-forms (α, β) satisfy the conditions
i),ii) and iii) of definition 1.2 and iRα = iRβ = 0. Therefore, the differential
system I = 〈α, β〉 induces a decomposable Engel system on P4. We have
that
α ∧ β = z40dz4 ∧ dz3 − z
3
0z2dz4 ∧ dz1 + z
2
0(z1z2 − z0z3)dz4 ∧ dz0−
−z30z3dz1 ∧ dz3 − z0z3(z1z2 − z0z3)dz1 ∧ dz0+
+z20(z1z3 − z0z4)dz0 ∧ dz3 − z0z2(z1z3 − z0z4)dz0 ∧ dz1.
Therefore Sing(α ∧ β) = {z0 = 0} has codimension one. Moreover,
Sing(dβ) = {z0 = z1 = z2 = 0}
has codimension 3.
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